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In  this  note  we  point  out  the  connection  between  some  well-known 
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tlie  tests  for  exponential  ity  based  on  l:he  cumulative  total  time  on  test 
stat ist Ic . 

Analogous  to  the  "total  time  on  tost  process,"  we  define  the  "Lo- 
renz process,"  and  show  its  weak  convergence  to  functionals  of  a Brownian 
motion  process.  This  provides  a theory  for  developing  goodness-of-f it 
tests  for  any  general  distribution  using  the  Lorenz  curve  and  the  Gini 
statistic.  In  addition,  we  state  some  new  results  on  the  geometry  of  the 
Lorenz  curve  that  follow  from  the  geometry  of  the  total  time  on  test 
transform. 

We  show  that  there  exists  a relationship  between  tlie  "mean  residual 
life"  and  the  Lorenz  curve.  This  motivates  us  to  propose  that  the  Lorenz 
curve  methods  of  economic  theory  also  be  considered  for  use  in  the  analysis 
of  failure  data. 

We  hope  that  this  note  will  help  to  consolidate  and  Integrate 
statistical  knowledge  th.at  h.as  Independently  evolved  in  two  different 
areas  of  application. 
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TllK  CINI  INI>i;X.  THK  l.OKKN/.  Cl'RVi:,  ANH 
Till'.  roi'Ai,  riMK  ON  ri's'i'  transforms 

1>V 

M.ilu'sli  t'luuulra 
Naxt'r  1).  S I iu;tuu  wa  t I a 


1.  lilt  roiluot  lou 

A iiiufvliij;  eonct'pt  in  tho  st  al  ist  ioal  tlu'ovy  of  roliahility  anJ 
lit«'  t<‘.s't  iiij;  is  tho  "ti>ial  timo  I'li  tost  transform,"  first  iliscussoil  by 
Marsh. ill  aiul  I’rosoh.in  in  I'h'S.  Harlow  (IhoSf  ,uul  Harli'w  aiul  Ooksnm 
(l*l/.M  h.ivo  lnli\>»Uu«nt  aiul  stiulunl  a siui  U'- f roc  tiuit  lor  osiUMioni  ial  it  v 
basi'il  on  the  "onmnlat  ivo  total  timo  on  tost  statistic,"  which  is  ilorivoil 
from  t ho  total  time  on  tost  transform.  Barlow  .uul  i’ampo  (l‘)7S),  aiul 
Barlow  (1‘17/)  have  stiulloil  tho  ytooiiu't  ry  v’f  the  tot.il  timo  on  tost  trans- 
foim,  .mil  h.ivo  also  usoil  it  for  <i  Bf‘M''*'ic.il  an.ilvsis  of  failure  ilat.i. 
I.iinf'iiotft.  l.o<>n,  .iiul  l'r«>sohan  (l‘>7.S)  proi'iilo  cha r.ic t or i z.i t i ons  of  tho  to- 
t.il  time  on  tost  tr.insform. 

Mi'.isnros  i>t  inciMiu'  lnoi|n.illtv  nscil  by  oconomi-t  r i c i.ins  .iro  tho 
l.oron/  cnivo  and  tho  I'.ini  Indox  (which  is  dorivod  t rom  tho  l.oron?.  cnivo^. 
Tho  t.oioiix  ciirvo  plots  tho  pot cont .ip.i'  ol  tot.il  incomo  o.iriunl  bv  various 
portions  ol  tho  popnl.it  ion  whon  tho  mombois  .iro  ordori'd  by  t lu*  sijio  of 
thoir  incoim's.  Castwirth  h.is  stmliod  tlu'  v.ir  ions  proport  ios  ot 

tho  l.oionx  oiirvi*  .ind  tho  lUni  indt'x.  Roci'iitlv,  in  .1  si'rios  ot  p.ipors. 
Call  .ind  Castwirth  (l‘l7/.i,  l‘>//bl  piopoi.i'd  sc.ilo-tioo  tests  for  oxponon- 
< tinllty  based  on  the  l.oronz  curve  and  the  Clnl  statistic.  Airn'iiR  other 

things,  t hov  have  shown  th.it  tests  toi  exponent  i.il  1 1 v b.isod  on  tho  l.oronx 
st.it  1st  Ic  .ind  tho  liliii  st.it  ist  ic  .110  powoitnl  .ic,.iinst  .1  v.iiioty  ot  alter- 
nat IvoH. 
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Our  objective  is  to  demonstrate  that  there  exists  a relationship 
between  the  total  time  on  test  transform  and  the  Lorenz  curve,  and  be- 
tween the  cumulative  total  time  on  test  transform  and  the  Cini  index. 

Thus  the  tests  for  exponentiality  proposed  by  Gail  and  Gastwirth  (1977a, 
1977b)  inherit  some  very  general  properties  of  the  tests  for  exponentiality 
based  on  the  cumulative  total  time  on  test  statistic  given  by  Barlow  and 
Ooksum  (1972).  The  relationship  mentioned  above  also  prompts  us  to  define 
what  we  call  the  "Lorenz  process"  and  discuss  the  weak  convergence  of  this 
process  to  functionals  of  a Brownian  motion  process.  Such  a result  in- 
creases interest  in  the  Lorenz  curve  and  the  Gini  index,  since  it  provides 
a theory  for  developing  goodness  of  fit  tests  for  any  general  distribution 
using  the  Lorenz  curve  and  the  Gini  index. 

Gastwirth  (1972)  has  given  some  properties  of  the  geometry  of  the 
Lorenz  curve  that  are  of  interest  to  an  economist.  In  this  note  we  pre- 
sent some  additional  properties  of  the  geometry  of  the  Lorenz  curve, 
and  generalize  some  of  Gastwirth' s results. 


Bryson  and  Siddlqui  (1969)  and  Hollander  and  Proschan  (1975)  have 
pointed  out  that  the  notion  of  a "mean  residual  lifetime"  is  useful  for  the 
analysis  of  biological  data.  We  show  that  there  exists  a relationship  be- 
tween the  mean  residual  lifetime  and  the  Lorenz  curve.  Such  a relationship 
enables  us  to  extend  the  use  of  Lorenz  curve  methods  for  the  analysis  and  in- 
terpretation of  failure  data.  We  illustrate  our  ideas  by  plotting  and  inter- 
preting the  Lorenz  curves  of  two  sets  of  failure  data. 

2.  Definitions  and  Notation 


Let  X be  a random  variable  with  distribution  F , and  let  y 
be  the  mean  of  F ; let  F(0”)  E 0 . Then,  the  total  time  on  test  trans- 
form is  defined  as 


Definition  2.1: 


H;^(t)  ^ / 

^ 0 


F ^(t) 


F(u)du  , 0 < t < 1 , 


where  F(u)  • l-F(u)  and  F (t)  , the  inverse  of  F(t)  , is  defined  by 
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(»■!  Is  ilol'iiu'i.1  In 


It  is  vnav  to  vorlfv  that  Jl,.  (1)  " li 

r 


1 V f i n i t t i'U  7..  2 


(1  < t < I 


In  Kl>\nvo  2.1,  wo  shi'w  a pK’t  of  iho  so.afovl  tot.al  tlmo  on  tost 
t ransfv^iro  tor  a >^.-\mru  tiist  i ihnt  it'n  with  shapo  paramott'is  ot  • I and  '2  , 
rospool  lv«'ly.  iMti«'r  proport  los  ot  t ho  sic.ilo.l  tot.al  t imo  on  tost  transtonn 
rtio  ilisonssod  hv  Barlv'w  aiul  t^nnpo 

Th«'  t.’.',;.'  t r is  Jofinovl  Jn 

IV  t lit  1 1 I on_2  : 

1 ,1 

V / W (ntvin  -•  J H„  (ntiln  . 

' 0 »'  0 ' 

lluoi,  tho  onmiil.-»t  Ivo  total  t iiv.o  oi\  tost  t r.uisform  Is  simplv  t ho  aroa  niutor 
tin'  so.iloil  total  t imo  v*n  ti'St  transform. 

tlastwiit!)  i I ' n ho;  i!otiiu',l  tho  o»'i  ro^;p^'n^l  i ni;  to  a 

ranitom  v.iri.-thlo  X with  (.list  rihnt  ion  K , Kfl'  ^ H . .nul  mo.an  p .as 

IX' l in  it  ion  2..'*.' 

h|.(p^  *■'•*  ~ F * inVin  , 0 V p < I . 

In  ooononu'f  r i os , h|^.(p)  lionotos  tho  fr.xot  ton  ot  tv'tal  iuv'v'mo  th.at  th«' 

hol»l«'ts  ot  tho  lowost  pth  fxaotlv’n  of  iixoomos  possoss.  in  Kinnri'  2.2, 
wo  sht'w  ,1  plot  ot  thi'  l.oroixs  onrvo  tor  a n.xmm.x  tl  i st  r i hnt  it'n  with  shapo 
p.xramotx'rs  ex  - 1 axx»l  2 , rospoot  ivolv.  It  is  oasy  ti'  vorlfy  that  tho 


l.oroxx*  oxxrvo  Is  alw.ivs  a oi'xxvox  finxot  loix  of  p . 


T-:»6S 


t 

I 


! 

i 

I 


Tlu'  nn'st  cv'iuhk'u  mo.i.smo  ot  ini'v'iiu'  iui'Hiuilicv  is  t lu*  uini  tP:,U;x, 

liotiuovl  in 

IV  t ill  i ( ivMi  - • 6 : 

I / 

/ l-.Ai'Vlp 

..  * ^ 

'y  “ (i/j> 

’lli.il  is.  till'  Gini  iiiilfx  is  t tu'  r.u  io  of  t tio  sroa  botwooii  tlio  I.oioiii  ourve 
aiiJ  thi'  't‘'"  lino,  to  tlio  atoa  nnilof  t lio  '»S®  lino  (vliioli  Is  1/J^. 

Tlio  ai'i'a  hi'twoc'ii  I ho  4S'*  lint'  .iiui  lj^,(p^  is  cal  loJ  tho  .awi  of  .•.'•i.'t:*:- 
i\tt  t\'n. 


I.  Si'ino  Ko  1 atUMish  ij's  Amon^  tho 
Concepts  of  Section  2 

Wo  lu'w  ost.ihllsh  soii'.o  ro  I at  ionsh  ips  th.it  exist  amon>;  some  ul  tho 
ct’ncopts  i lU rotlncotl  in  Section  2. 


I 


v~'u) 


Int  I'p.r.tt  inp.  / K(ni>.Ui  hy  parts,  wo  h.ive 


- 7 U-tH"\t  W - / K ^(nitin  . 


or 


} (I-t>K"‘(t)  + l.„(t^  . 0 v t < 1 


(3.0 


Thus,  tho  sc.tlotl  tot.il  time  on  test  tr.insform  is  rolatoil  to  the  l.oren? 
cm  VO  as  shown  in  (1.0. 


Since  V - / W (tlJt  . 
0 '■ 


1 


I t 


(l-tlK  (tlvlt  T f f f'  ^(n)iUi  lit  . 

0 ' 0 0 


Int ep.r.it  inp,  hv  p.irts,  we  can  verify  that 
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1 t 


.-I 


-1 


/ / F (u)Jii  lit  •=  / (l-t)F  {t)ilt  . 


0 0 


0 


Thus 


V = — / (l-t)F  ‘‘(t).li  “ — / / F ‘(u)ilu  lit  , 

^ V*  n ^00 


r-i 


\ t 


or 


v^.  - :>(ci.)^. 


(3.2) 


I’hui^  tfw  cumulative  total  tine  on  teat  tiwuifoim:  ia  ttalce  the  ewmilatn.ve 
Lover.a  eui’ve. 

Ill  onler  to  see  the  relationship  between  the  (Uni  index  and  the 
cumulative  total  time  on  test  transform,  we  note  that 


S’  “ ” 0 ' 


M ^ -1 

= I - 2 / - / F (u)du  dp  , 

0 0 


S’  = ' - ^ • 


(3.  O 


Thue  the  Gini  index  ie  eimolti  one  mhiui-  the  eiuralailve  total  ti’rte  on 
test  tiwisfom. 

Relationships  (3.1),  (3.2),  and  (3.3)  now  enable  us  to  state  some 
other  results  for  the  Lorenz  curve  and  the  Gini  index. 


4.  Some  rropi'_rtle^  oJ_  the  l.ore^nz  Ciyvo 
and  the  Gini  Index 


Gastwlrth  (1972)  has  given  several  properties  of  the  Lorenz  curve 
and  the  Gini  index  that  are  of  Interest,  We  give  here  some  additional  prop- 
erties which  follow  naturally  from  the  results  of  the  previous  section. 


Rentirk  4.1:  L„^  , the  inverse  of  L„  , is  a distribution  function  with 

“ " - ' - * r r 

-1 


support  on  (0,il  ; also  L,  is  concave. 

P 
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Proof:  The  conclusion  follows  from  the  fact  that 


L,,(l)  = ^ / F"^p)dp  = 1 

^ ^ 0 

when  l’(0  ) = 0 , and  tliat  L.,^(p)  increases  in  pc  [0,1]  . 

1* 

IS  convex,  L is  concave. 

F 


since  L_ 


We  shall  make  use  of  Remark  4.1  in  Theorem  4.6. 


Definition  4.2:  Let  F be  the  class  of  continuous  distributions  on 
lO.oo)  , and  let  {deg}  be  the  class  of  degenerate  distributions.  Then 

is  star  ordered  with  respect  to  , denoted  by  F^^  ^ F^  , if 

F2^F^(x) 

F U{deg}  , and  is  nondecreasing  in  x for  0 ^ x ^ F^^  (1)  . 


We  shall  now  st.ate  and  prove 


Th<X)T^i:^^.  3'  If  F < F , and  if  f xdF  (x) 


(a)  L (p)  > L (p) 

If  - ^2 


/ xdF^Cx)  = U , then 


(b)  (CL)  > (CL)  , and 

1 2 


(c)  C < G . 

1 2 


Proof:  Consider  L (p)  - L (p)  =f~ 

1 *‘2  0 ^ 


-1  -1  ^ 

h(u)  = F (u)  - F_  (u)  , and  note  that  / h(u)du  = 0 . Since  F IF.,, 

12  Q 1*2 

by  the  "single  crossing  property"  of  star  ordered  distributions  [cf.  Bar- 
low  and  Proschan  (1975),  p.  107],  it  follows  that  h(u)  changes  sign 
exactly  once,  and  from  positive  to  negative  values.  Thus, 


- 8 - 


T-V>H 


I 


1 ’’ 

— / '*  0 , 

0 

lIuM  I'Kinplolt's  piul  (a)  i>f  tho  tliforom.  Prouf  of  parts  (b)  and  (r) 
lotl.>w  1 1 urn  t bo  vibovo  rosolt  and  i lio  iloi  Inlt  ions  of  (tM,)  and  G . 

r r 


11  I’j  < K.,  , and  if  K,,  is  takon  to  bo  an  oxponont  lal  dlstri- 

bnrion,  tlion  holonp.s  to  t bo  class  of  distributions  wbicii  bavo  "in- 

ciiMi^lnp,  tailnro  rato  avora>’,o"  let.  barlv'w  and  Vroscitan  (l‘)7S)l.  Tiioorom 
7 of  Gastwirtb  (l‘>72)  is  analop.ons  to  Tiioorom  4.3  of  this  paper.  However, 
our  tlu'orom  is  iiu*re  Renor.il  tb.ui  tliat  of  Gastwirtb,  since  it  applies  to  a 
mueb  larjp't  class  of  distributions. 

Do  I i II  i t i i>ii_  4_.  4 : l.ot  F bo  tbo  class  of  continuous  distributions  on 
(0,»>)  , anil  lot  {dop.l  bi'  tbo  class  of  doj’onff.ito  distributions.  Then 
Kj  is  .•(VtPi’.r  PDi/.'i'i';/  lu'th  I'l’SPi'i'Jf  f()  , donotod  by  , if 

* 1 ’ *"'2  ' ^ b(do}«,}  , and  F^*Kj(x)  Is  convex  in  x for  0 < x < Fj'(n  . 
Komaik  4.'>;  l’|  < implies  F^  < F^  lot.  Harlow  and  I’roscban  (lb75), 

p.  10/1. 

In  tbo  lol  lowing  tiioorom  wo  sb.ill  show  that  tbo  convex  order inp, 

proportv  is  prosorvod  bv  I.,/  , tbo  InviTSo  of  1.  . If  K < F_  , and 

if  F^  is  takon  to  l»o  an  oxponontial  distribution,  tbiui  F'^  bolonps  to 

tbo  class  of  d isl  I iluit  ions  wbicb  b.aa  an  "incro.tslnp  failure  rato"  let. 
H.irlow  and  rroscli.in  (l‘>/'))). 


Tiioorom  4.t>:  II  K,  < F I bon  1.,,'  < I,,,'  . 

- I 0 2 i c F , 

1 t. 


I'roof:  Wo  wish  to  show  that  I.,,  I.,,'(x3  is  convex  in  0 < x < K, \l)  . 

F.,  Fj  - 1 

Wo  sb.ill  assume  tb.it  F^  and  F’^  aio  absolutely  continuous.  Then  wo 


need  only  sbi'w  tin 


is  nolulocro.is  inp  in  (1  < x F'  l \ O 


*)  - 


I 

li 
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r 


I.ct  W,  and  U-  bo  tho  means  of  F and  F„  , respectively.  Then 


1 


_d 

dx 


d 1 


dx  Vt„ 


(u)du 


2 0 


dx 


\.c.t 


h.,  (p) 


dx 

dp 


Fj^p) 


1 


.‘U’ 

dx 


VI 


F^^P) 


P = 1.  ^ (x) 


KeiU'i' 


dl.„’(x) 

*^1 


dx 


and 


I.j.,'(x) 

d X vf  ^ K“'(«)dn  - 

‘2  0 


U2F;^[’i-J(x)] 


Since  F 


f"S’j(x) 

< F„  Implies  that  is  nondecreaslnK  in  0 < x < I,  (1)  , 

c 2 X ” ••  1 


and  since 


F ^1.  * (x)  =>  t is  nondecreasinp  in  0 < x < F ^(1)  , a change  of 

1 Ij  » 1 
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I-p'  (x) 

cj  1 r 1 

varinbli'  shows  lliat  'T~  TT  J ^9  is  iiondecrcasing  In  0 < x < 

clx  ^2  0 / 

F ^(l)  . Since  rontlniioiis  distributions  can  be  approximated  arbitrarily 
closely  by  absolutely  continuous  distributions,  the  proof  of  the  theorem 
is  com|ileted. 


S . Somt*  Stat  1st  ics  of  Interest 

Let  X,.,  < X,_.  < ...  < X,  . denote  the  order  statistics  corre- 
(l)  (2)  “ (n) 

sponding  to  a random  sample  of  size  n from  a distribution  F , where 
F(0  ) = 0 . The  total  time  on  tost  statistic  to  the  ith  failure, 
is  defined  by 


(5.1) 


Barlow  and  Campo  (1975)  have  used  the  scaled  total  time  on  test 
s t J li t i f , ’ clcfinoi’. 

i 

def 


“(i) 


(n  .i  + l)(x^j^  ^(1-1)) 


n 

I ^ 

j=l 


(5.2) 


for  analyzing  failure  data. 


The  cumulative  total  time  on  test  statistic,  V , defined  as 

n 


def 


^ A “(i)  • 

has  been  used  by  Barlow  and  Doksum  (1972)  for  testing  for  exponent iality. 

They  show  that  a test  based  on  V is  asymptotically  minlmax  against  a 

n 

class  of  alternatives  defin'ed  by  the  Kolmogorov  distance. 
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Call  and  (iastwlrth  (197/»0  Itavi*  (iroposod  a tost  for  exponent  fal  I ty 


based  on  the  atatta fio,  L (j->)  , defined  as 


1 r l*M’l 


"(I'  ' <0  • 

wher»>  0 < p < I , and  |npl  is  the  lavp.osl  intener  in  np  . The  sta- 
I isf  ie  shown  to  have  p.ood  pt'wer  ap.alnst  a ranpe  of  alterna- 

tives; this  is  based  on  a Monte  Carlo  Investigation, 

Kecently,  Gall  and  Castwlrth  (1977)  proposed  another  test  for 
exponent  lal Ity  based  on  the  Gl'ni  stat’iistic;,  C^  . defined  as 


ef  iL  ~ ^(o) 


(3.5) 


(n-1)  ) X 


llasetl  upon  Monte  Carlo  studies.  Call  and  Castwlrth  (1977b)  have  concluded 
that  C^^  is  rik^i'e  powerful  than  *^"20  , against  most  of  the 

alti'in.i!  ivv's  that  are  stndii'd. 

We  can  easily  vt^rlfy  the  following  relationships  hetwo«'n  the  vari- 
ous test  statistics  that  wo  h.ive  discussed  thus  far: 


h I- I + 

n\n/  n 


(•’.b) 


V » I - C . 
n n 


(3.7) 


In  view  of  (3.  7)  above,  thu  irtit  for  t'.vjionant  i\il  ’ hj  hotrod  on  th<^  Gim’ 
ntatiiftio  iit  ido}it.ical  to  the  U:st  for  oxi'cytoytticilitij  baood  on  tho  owrtu- 
tati-vo  total  tiirny  on  toot  at-atiotio.  Thus,  we  can  say  that  the  test  for 
expon«'nt  la l ( t y based  on  the  Cinl  stati<:tlc  is  asympf  otical  ly  miiiimax 
against  some  restricted  alternatives. 
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The  exact  distribution  of  t;  under  exponential ity  follows  from 

n 

Theorem  6.2  of  Barlow,  Bartholomew,  Bremner  and  Brunk  (1972),  and  from 
Rqnat Ion  (5.7)  above.  Call  and  C.istwirth  (1977b)  have  also  derived  the 
exact  distribution  of  , but  by  usinf>  a different  argument. 


6.  The  Lorenz  Process  and  its  Weak  Convergence 


Using  previous  notation,  we  define  the  Lorenz  process,  ’ 


0 < t < 1)  , 


as 


- S'‘>1  ■ 


1 < 1 < n ; 


(6.1) 


<„(0)  = 0 . 


We  are  Interested  in  the  asymptotic  behavior  of  this  process  for  F in 
gene r. 'll . 


Following  the  notation  and  terminology  of  Barlow  and  Campo  (1975), 
we  slial 1 say  that  a stochastic  process  {W(t)  ; t > O)  is  a "Brownian 
motion  priicess"  with  drift  coefficient  ec|ual  to  0 if: 

(i)  W(0)  = 0 ; 

(ii)  {W(t),  t > 0}  has  stationary  independent  increments; 

(lii)  W(t)  is  normally  distributed  with  mean  0 and  variance 
t , for  all  t > 0 . 

A process  {U(t)  ; 0^  i 5 l)  Is  called  a ''Bro\^mian  Bridge"  on  [0,11 
when  ll(t)  = W(t)  - tW(l)  i 0 ^ t < 1 . Such  a process  is  normal,  has  all 
sample  paths  continuous,  E(ll(t))  = 0 for  0 < t < 1 . and  has  covariance 
s(l-t)  for  0 ,<  s < t <_  1 . Note  that  V(t)  = -U(t)  is  also  a Brownian 
Bridge  on  (0,1]  . 


6.1  Weak  convergence  of  the  Lorenz  process 

Let  V (u)  be  a discrete  measure  putting  nuiss  1/n  at  u “ i/n  , 
n 

i=»l , 2 , . . . ,n  . Then 
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n “(J) 


i ,1,  V,) 


i/n  X,  , 

/ dv  (u)  . 

ox” 


wlieri'  X **”■’  Rroatost  IntoRcr  in 


I ^ — 1 

Slnco  l'.,(l)  “ - / F (ii)du  , snbstltullon  in  (6.1)  rIvos 
'■  0 


^ (- 

n\n 


- -CliiO]  JV  ,„, 

0 I X " 


(6.2) 


i/n  r"l/  \ 

+ / /„ 

0 »■ 


d[v^^(u)  - u] 


If  we  assume  that  / xdF(x)  < «'  , and  if  R “ F has  a nonzero  contimi- 
0 

ous  derivative  r'  on  (0,1)  , then  hv  Shoraek  (l‘)72). 


/„  i,(t)  _ iS-01 

* ''  (mil  ‘t  ' “ 


p 

in  the  expression  above  " denv>tes  convergence  in  probability, 

a> 

U is  the  brownian  bridge  process  on  (0,1)  , and  Z “ / l'(F(x)ldx  is 

0 

2 2 

noriiuil  with  me.in  0 and  vari.inre  0 , where  is  the  variance  of  F 

F r 


Since  the  second  term  of  (6.2)  converges  deterministically  to  zero. 


it  ft'llows  that 


w„)  > /.) 


du  aC(t)  . 


We  can  also  express  J(’(t)  as 
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I 


lllK(x)  lilx 


l„(t) 


/ iMK(x)iax  . 


Hy  iliroot  but  ttuHous  onlotiKit  ion  let.  Call  (1077^1,  it  oiin  bo  sliowi 
tliil  ntiili't  oxtii*iu*nt  i;il  itv 

- 2 ( l-t  )Cn(  l-t  ■)  + i f ttl-l')  “ (t  ( l-t  Hn(l-t  ■))■■  . 

’rhus,  in  oont  ra.st  li>  an  analoy.ons  rosnlt  basod  on  tlu>  convorj^onoo  of  tho 
total  t imo  on  test  l)ro^.'os^:  [soo  Hai'low  and  Campo  (ld7‘>)l,  under  exponon- 
t tali  tv  l'^(t)  ; 0 < t < l)  is  not  the  Itrownian  Kridpe. 


().2  I'sos  of  the  l.oren;:  process 

Ihe  l.oren;'.  process  can  he  used  to  find  the  as>'mptotic  distribution  of 

Slip  /n  |l.  j-|  - . 

V<i<n  I 

which  by  the  invatiance  principle  of  Hillinvtslev  (llbS)  is  the  same  as 
th.if  of 


Slip  . 

1 

'lliis  statistic  can  be  used  to  test  the  hvpotliesis  that  the  piven  data  has 
distribution  K versus  the  ^teneral  alternative  that  it  does  not.  As  seen 
at  the  enil  of  Section  (>.l,  under  exponent  i.i  1 i t y it  is  not  the  KolraoRorov- 
Smi  I nov  St. (list  Ic,  and  this  is  not  very  pleasittp. 

Another  st.ttistie  that  can  be  used  for  the  same  purpose  is  the  area 

between  the  curve  of  1.  ( 1 and  tlie  curve  of  l..,(t1  . A consideration  of 

n\n/  f 

this  .ire.t  leads  us  to  Theorem  b.2,  which  follows  from  Theorem  6.6  of 
U.ir  low  et  al . ( l‘)72)  . 
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[Harlow,  Bartholomow , Bronoor  and  Brunk  If 


2 

f xdF(x)  < and  O (F)  < <»  , 

0 


wlion- 

n‘’(F)  - 2 f f {21l-F(s)]  - V'  ) X {211-F(t))  - \\.}F(s)  (l-F(t))  ds  dt  . 

s<t  ^ 


I ho  n 


wtu-ro 


denotes  convergence  in  distribution. 


Using  the  fact  th.it  C.,,  = 1-V,,  , and  G ” 1-V  , we  are  now  in  a 

F F n n 

position  to  obtain  the  limiting  distribution  of  the  Gini  statistic.  We 
have 


Tlieoreir.  Under  the  conditions  o:  Theorem  6.1, 


In  the  case  of 


F'  exponential,  Gp  = — and 


N(0,1)  , 


0^(F) 


Thus 


.1  result  .ilso  obtained  tiy  Gail  and  Gastwirth  (1^1776)  using  some  arguiiu'nts 
due  tj>  lloeffding  (lU4d). 


7.  The l■o_^■en~  Jl'ntv»'_  and  the_  Fle.m 

Kes  idu.al  1,  i fet  imo 

Bryson  and  Siddiqui  (IdpO)  and  also  Hollander  and  Urv’sehan  (l^7S> 
h.ive  poinl»’d  out  th.tt  the  ni't  ion  ot  "me.in  rt'sidual  lifetime"  is  especially 
useful  ti't  the  an, (lysis  of  biologic.il  data.  In  this  s«'ct  ion  we  point  out 
t ln’  rel.it  ionsti  Ip  hetwet-n  the  I.orenz  ciirv’o  and  the  me.in  rt'sidu.il  lifetime. 
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Suclx  a re l»Tt  ionsh Ip  siip.j’osLs  to  us  that  tho  l.orenz  rurvo  methods,  which 
have  so  far  been  mainly  used  in  the  social  sciences,  could  also  be  used 
in  the  biological  sciences.  This  possibility  has  also  been  hinted  at 
by  Thompson  (1976). 

The  tn^an  corresponding  to  a random  variable  X 

with  distribution  F , F(0  ) = 0 , is  defined  in 

l)^IJ_nit  ion  7.1: 

OO 

/ F(vi)du 

e (x)  «=  . 

F(x) 

We  say  that  a distribution  F has  a dt'<‘}VCLsiKg  (inavcasing)  noon  ro- 

sfa’ju/  lifetinh'  if  r (x)  is  decreasing  (increasing)  in  x for  all 

r 

X > 0 . 


Riyson  and  Siddiqui  (I9b9)  have  used  the  decreasing  mean  residual 
liletime  property  to  interpret  some  survival  d.ita  on  patients  suffering 
from  leukeml.i. 


II  we  den4>t»'  the  me.in  ol  K bv  p , then  we  can  write  C„(x)  as 

t 


t ,..(x) 


p|^  - / K(u)di^ 

F(x) 


From  IVflnition  2.2,  it  follows  that 

f / F(u)du  - W (f(x))  ; 

M A ** 


thus 


r^.(x) 


u[l  ' ''V(V'(x))] 


F(x) 


Tlte  above  expression  when  used  with  Equation  (3.1)  gives  us  a relationship 

betw»'en  C_(x)  and  l.,.(’)  ; specifically,  we  have 
r r 
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4(F(x)) 


1 


U 


[Cj^,(x)  + xl  . 


(7.1) 


la  order  to  demonstrate  the  use  of  the  Lorenz  curve  for  biological 
applications,  we  shall  consider  the  data  given  by  Bryson  and  Siddiqul 
(1969).  These  data  pertain  to  survival  times  (in  days),  from  the  time 
of  diagnosis,  of  patients  suffering  from  chronic  granulocytic  leukemia. 
The  ordered  43  survival  times  in  days  are:  7,  47,  58,  74,  177,  232, 

273,  285,  317,  429,  440,  445,  455,  468,  495,  497,  532,  571,  579,  581, 

650,  702,  715,  779,  881,  900,  930,  968,  1077,  1109,  1314,  1334,  1367, 
1534,  1712,  1784,  1877,  1886,  2045,  2056,  2260,  2429,  2509. 


If  we  denote  the  number  of  survivors  at  time  x by  S , and  if 
the  size  of  the  initial  population  is  denoted  by  n , then  Bryson  and 
Siddiqul  estimate  the  mean  residual  life  at  time  x by 


e(x)  = S T.  (Xj-x)  , 


where  X,  denotes  the  survival  time  of  the  ith  element  and  the  sum  is 

j 

for  those  having  survived  up  to  time  x . 


In  Figure  7.  I we  show  a pli't  of  c(x)  versus  the  time  x , for 
the  data  in  question.  Thus,  the  distribution  of  survival  times  has  a 
decreasing  mean  residual  life;  this  conclusion  is  based  upon  an  inspec- 
tion of  Figure  7.1. 


In  Figure  7.2  we  give  a plot  of  the  sample  Lorenz  curve  for  these 

data.  The  sample  Lorenz  curve  is  simply  a plot  of  the  Lorenz  statistic 

L (p)  (defined  in  Section  5)  versus  p , 0 < p < 1 . The  sample  Lorenz 
n 

curve  represents  the  proportion  of  tl»e  total  lifetime  contributed 

by  the  least  fortunate  p*l00  percent  of  the  patients;  for  example,  50% 
of  the  patients  contribute  only  20%  of  the  total  lifetime.  The  sample 
Lorenz  curve  can  also  be  used  to  compare  the  heterogeneity  of  the  survi- 
val patterns  of  two  groups  of  patients.  To  Illustrate  this,  we  give  in 
Figure  7.3  the  Lorenz  curves  for  the  data  on  the  survival  times  of  guinea 
pigs  considered  by  Doksum  (1974).  The  Lorenz  curve  for  the  "control 
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Figure  7.2 — Sample  Lorenz  curve  versus  proportion 
of  leukemia  patients 


Sar:?le  Lorenz  Cur\ 


Troportion 
Guinea  PIrs 


Figure  7.3 — Sample  Lorenz  curves  versus  proportion 
of  guinea  pigs 
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Krmip"  Ill's  bolow  tiu'  l.orou/.  i-urvo  tor  tiu'  " t rost  moiU  proup"  tor  p loss 
than  about  .K  ; llio  oiirvos  cross  soar  p a . 8 . Thus,  initially  tlio 
t I'oat  monl  p.r'Jap  la  loss  hot  orogonoous  than  tin*  control  p,r‘Uip  and  the  lo- 
viTsi'  is  t riu'  Witor  on.  This  can  also  bo  vorifli'd  l)y  an  inspi'ction  of  tho 
acinal  <lata. 
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